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Abstract-Transient temperature distributions in a cylindrical shell are calculated for the case that heat is 
transferred at a constant rate to the inner wall surface, while the outer wall surface is insulated against heat 
losses. Temperature profiles for nine Fourier numbers and three different thickness-diameter ratios are 
given. 

The truncation errors introduced by taking only the first root of the characteristic equation are calculated 
for three situations. Also the error introduced when the quasistationary profile is taken instead of the 

total solution of the differential equation is calculated for three situations. 

NOMENCLATURE 

heat conductivity [MLt3T- ‘1; 
thermal diffusivity [L’t- ‘1; 
heat flux per unit length in axial 
direction [MLtw3] ; 
time [t] ; 
temperature [T] ; 
initial temperature [T] ; 
radius of the inner wall [L] ; 
radius of the outer wall [L] ; 
dimensionless temperature, 

2+T - W/Q; 
dimensionless radial coordinate, r/Ri; 
dimensionless time (Fourier), at/R: ; 
ratio between outer wall radius and 
inner wall radius, Ro/Ri. 

DERIVATION OF THE SOLUTION 
TO THE PROBLEM 

WE consider a cylindrical wall with inner 
radius Ri and outer radius R,. At the inner wall 
surface a constant flux per unit length (Q) is 
transferred to the wall. The outer wall surface 
is insulated. The initial temperature is uniform 
throughout the wall. This situation can arise, 
e.g. in tunnel walls of atomic shelters [l]. 

The unsteady-state heat balance in cylindrical 
coordinates reads : 

(1) 

The initial and boundary conditions for the 
present problem are : 

T = To, t = 0, 

aT 0 al= 7 r = R,, (2) 

aT Q 
ar= 

-- 
2nkRi ’ 

r = R. 1. 

Introducing the dimensionless variables as 
indicated in the Nomenclature (1) and (2) 
become : 

(3) 

0 = 0, Fo = 0, 1 
ao 0 jg= 3 R = 1, (4) 

a@ -I -= ) 
aR 

R = 1. 

We will present the general solution obtained 
by means of the Laplace transformation. Carslaw 
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and Jaeger [2] indicate the outlines of a pro- 
cedure for solution of (3). They give a general 
solution for linear boundary conditions but 
the conditions (4) are excluded (p. 332, footnote). 

Applying the Laplace transformation to (3) we 
obtain for 9{0} G 8: 

@R,s) = 

(Js)K,(@)MRJs) + (Js)Mk/Mo(&/s) 

s2[11(~Js)UJs) - UJs)K,(lJs) . 

Inversion to the (R, Fo) domain of this formula 
offers no particular difficulties. The double 
pole at s = 0 gives rise to a term linear in Fo 
after inversion. 

Applying the complex inversion integral 
on (5) by using the Heaviside inversion theorem 
(Abramowitz and Stegun [3] p. 1021), we obtain 
after some computations : 

O(R,Fo) =&ln a + 
0 

A2 - R2 /I2 + 1 2 - 
2(12 - 1) - 4(12 - 1) + K?. F” + 

--71 f C,(d) [J&R) Y~(P,,~ 
n= 1 

- JILL) K&J)] exp (-pi?‘4 (6) 

where : 

The ~1, are the positive roots of the characteristic 
equation : 

The first five roots of (8) are given in [3], p. 415, 
for ten values of ;1. In our calculations we used 
the first fifty roots of (8) for three values of 2: 

(512, 513, 5/4). 
Figures l-3 give the transient temperature 

distributions for eight Fourier times. One sees 
that for high values for Fo the temperature 
rises linear with time throughout the wall. 
This quasi-steady-state profile can readily be 

e- 
FIG. 1, Temperature distribution in a shell with thickness of 

0.25 the internal radius. 

found from a heat balance over the wall. 
Inspection of equation (6) of course also gives 
this profile if one recognizes that the contribu- 
tion of the last term will be damped out ex- 
ponentially with time. 

For practical calculations one is interested 
in the errors introduced when the infinite 
summation is truncated. We inspected two 
situations, first when the series is truncated after 
five terms and second when only the first root 
of the characteristic equation is used. The errors 
were indicated with A, and A, respectively. The 
errors were defined as : 

A, = 9”“‘“;. -0 _~_5 . 100 

* 5oterms 

and 
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FIG. 2. Tem~rature distribution in a shell with thickness of 
0.66 the internal radius. 

FIG. 4, Truncation error for one term (AL\,) and five terms (As) 
of the series in equation (6) for two values of 1. 

FIG. 3. Temperature distribution in a shelf with thickness of 
150 the internal radius. 

FIG. 5. Relative contribution of the summation in (6) to the 
final result as a function of Fo with three parametric 1 values. 
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In Fig. 4 the results are summarized. It can be 
seen that for values of Fo > 0.20 the tempera- 
ture profiles are determined with sufficient 
accuracy by taking only the first term. For 
Fo > 0.05 the first live eigenvalues are sufficient. 
The accuracy of the truncated series increases 
with decreasing A. 

For very large values of Fo the whole in- 
fluence of the infinite summation can be 
neglected in comparison with the first part of 
formula (6). In Fig. 5 the ratio between the 

contribution of the summation and the quasi- 
stationary profile are sketched. The summation 
can be neglected without serious loss of accuracy 
for Fo > 0.2 when A = 513. In Figs. 4 and 5 
the temperature at the inner wall was chosen. 
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Resume-Les distributions de temperature transitoires dam une coque cylindrique sont calculees dans 
le cas air la chaleur est transport&e a une vitesse coustante a la surface de la paroi interieure, tandis que la 
surface de la paroi exterieure est isoliee contre les pertes thermiques. On donne les profils de temperature 
pour neuf nombres de Fourier et trois rapports differents de l’tpaisseur sur le diametre. 

Les erreurs de troncatures introduites en prenant seulement la premiere racine de l’bquation caracttri- 
stique sont calcultes dans trois cas. On calcule tgalement dans trois cas l’erreur introduite lorsqu’on prend 

le protil quasistationnaire au lieu de la solution complete de l’equation differentielle. 

Zusammenfassung-Instationlre Temperaturverteilungen in einer zylindrischen Zelle werden fur den 
Fall berechnet, dass eine konstante Warmemenge zur inneren Zelloberfllche geleitet wird, wlhrend die 
Lussere Oberfliiche gegen Warmeverlust isoliert ist. Temperaturprotile werden fur neun Fourier-Zahlen 
und drei verschiedene Verhlltnisse von Dicke zu Durchmesser angegeben. 

Fur drei F&lie sind die Abrundungsfehler infolge der Verwendung nur der ersten Wurzel der charakter- 
istischen Gleichung berechnet. Auch der durch die Einfiihrung des quasistationlren Profiles anstelle der 

totalen Liisung der Differentialgleichung auftretende Fehler wird fiir drei Falle berechnet. 

AHHOTs~sr-PaCCsllTbIsaIoTCR paCIIpeJJeJleHHR TeMIIepaTypbI B IJLTIMH~pPIYeCKOfi 06OJIOYKe 
B nepexoRnol 30ne RjIn cnyqan ~IOCTORHHO~O TemoBoro noToKa K BHyTperwet cTefIKe H 
TeIIJIOH3OJIHpOBaHHOti BHeIIIHefi CTeHKM. npCrBOARTCSi TeMIIepaTypHbIe IIpO$WIM XiIFl JJeBFITH 
%lCeJI @ypbe II fi.nfl TpeXpa3JIWIHbIXOTHOCllTeJIbHbIXTOJIIQIIH. 

j$m TpeX CJIyYaeB OqeHHBaI0TCR IIOrpeIIIHOCTH, BbISbIBaeMbIe yqeTOM TOJIbKO IIepBOI'O 

KOPHH XapaKTepMCTWIeCKOI'O ypaBHeHHFI. AJIH TpeX CJIy4aeB OIJeHMBaeTCfl IIOrpelLtHOCTb, 
KOI'Aa IJCIIOJIb3yeTCfI KBa3I'lCTaQHOHapHbJt IIpO@WIb BMeCTO o6vero peIlIeIIHR AR$@epeH- 

UIlaJIbHOrO ypaBHt?HMR. 


